Abstract. The Einstein/Abelian-Yang-Mills Equations reduce in the stationary and axially symmetric case to a harmonic map with prescribed singularities ': R 3 nΣ ! H k+1 C into the (k + 1)-dimensional complex hyperbolic space. In this paper, we prove the existence and uniqueness of harmonic maps with prescribed singularities ': R n nΣ ! H , where Σ is an unbounded smooth closed submanifold of R n of codimension at least 2, and H is a real, complex, or quaternionic hyperbolic space. As a corollary, we prove the existence of solutions to the reduced stationary and axially symmetric Einstein/Abelian-Yang-Mills Equations.
Introduction.
It is well known that the Einstein/Maxwell Equations reduce in the stationary and axially symmetric case to a harmonic map with pre- In [We4] , we proved the existence and uniqueness of harmonic maps with prescribed singularities ': R n nΣ ! H , where H is any hyperbolic space (real, complex, or quaternionic) , and Σ is any smooth closed submanifold of R n of codimension at least two, provided a harmonic map e ': R n n e Σ ! H was given, prescribing the behavior of ' at infinity in R n nΣ. Here e For the harmonic map problem associated with the Einstein/Maxwell Equations, the map e ' could be obtained from an explicit solution, the Kerr-Newman solution [N] , corresponding to N = 1 black holes. However, the existence of the harmonic map e ' in the more general situation of the main theorem in [We4] is not known. In this paper, we replace the hypothesis on the existence of the harmonic map e ' with a considerably weaker hypothesis: the existence of a map e ' which is only approximately harmonic at infinity (see Theorem 3). Such maps are much easier to construct than harmonic maps. As a corollary, we obtain the existence of solutions to the reduced stationary and axially symmetric Einstein/AbelianYang-Mills Equations corresponding to N > 1 black holes, i.e., the existence of a harmonic map with prescribed singularities ': R 3 nΣ ! H k+1 C , where Σ is as in the first paragraph of this introduction. Of course, when k = 1, we recover our previous result from [We4] . Since we are interested in unbounded singular sets Σ R n of codimension at least 2, we will assume throughout that n > 3.
It is important to point out that, as before in [We2, We4] , unless N = 1, the solutions of the Einstein/Abelian-Yang-Mills Equations constructed in this way are expected to have a conical singularity on some bounded component of the axis. This conical singularity can be interpreted as the gravitational force between the black holes, see [BW, We2] . However, when N = 1, these spacetimes should be regular and asymptotically flat. To establish this fact, a regularity result as in [We1, LTi2] is needed. We will come back to this problem in a future paper.
In the next section, we describe briefly the setup of the problem. For more details, we refer the reader to [We3, We4] . In Section 3, we state our main existence result and give its proof.
2. Set-up and preliminaries. Let n > 3, let Ω R n be a smooth domain, and let X be a Riemannian manifold of dimension m. A harmonic map is a map ': Ω ! X which is for each Ω 0 Ω a critical point of the energy functional:
where jd'j 2 = P n j=1 h@ j ', @ j 'i X is the energy density of ', and h, i X represents the metric on X . If ' is harmonic, it satisfies an elliptic system of nonlinear partial differential equations which can be written in local coordinates on X as:
where Γ a bc are the Christoffel symbols of X . Note that for any map ', the quantities a are the components of a cross section (') of the pull-back bundle ' 1 TX . This vector field along ' is called the tension of ', and its magnitude, defined by jj 2 = h, i X , is a real function on Ω.
Here we will be concerned only with harmonic maps into a classical globally symmetric space of noncompact type and rank one, i.e., a real, complex, or quaternionic hyperbolic space. We denote such a space by H and let m be its real dimension. The model we use for H is R m = R R m 1 where the first coordinate is a Busemann function on H (see [EO, We3] ). The metric of H then takes the form: 
where the dot represents the Euclidean inner product on R k (see [We3, lemma 6] ). We also give here for future reference the components of the tension (') of a Harmonic maps have been studied extensively. When the target space is nonpositively curved, as is the case here, finite energy harmonic maps are well understood (see [ES, H, SU1, SU2] ). In particular, if ' is any finite energy harmonic map then ' is smooth. In this paper, we deal with infinite energy harmonic maps into H with prescribed singularities along a submanifold Σ of codimension at least two. We now give a few definitions taken from [We3, We4] . Definition 1. Let Ω R n be a smooth domain, and let Σ be a smooth closed submanifold of R n of codimension at least two. Let be a geodesic of H . We say that a harmonic map ': ΩnΣ ! H is a Σ-singular map into if:
Note that if u is a harmonic function on ΩnΣ then ' = u is a harmonic map and jd'j 2 = jruj 2 . Thus, the problem of finding Σ-singular maps into is simply a problem in potential theory.
Example 2. Let Ω R n and let Σ Ω be a smooth closed submanifold of codimension at least two. Let u 0 be the potential of a charge distribution which is positive and bounded away from zero on Σ, and let v 0 2 R m 1 be constant.
Then, using the coordinate system for H described above in which the metric takes the form (2), we see that ' = (u 0 , v 0 ) is a Σ-singular map into the geodesic (t) = (t, v 0 ) of H . Such maps will be used to prescribe the singular behavior near Σ.
The next definition generalizes the concept of asymptotic geodesics (see for example [EO] ).
Definition 2. Let ', ' 0 : ΩnΣ ! H be maps, and let Σ 0 Σ. We say that
To ensure uniqueness, we will use the following notion for being asymptotic at infinity.
Definition 3. Let ', ' 0 : R n nΣ ! H be maps. We say that ' and ' 0 are asymptotic at infinity, if dist (', ' 0 ) ! 0 as x ! 1 in R n nΣ.
Next, we define what we mean by singular Dirichlet data for the harmonic map problem with prescribed singularities. We will construct such data for our application to black holes later in this section.
Definition 4. Let Σ j , j = 1, : : : , N + 1, denote the connected components of Σ. Singular Dirichlet data for the harmonic map problem with prescribed singularities on R n nΣ into H consists of N + 2 maps (' 1 , : : : , ' N +1 , e ') from R n nΣ into H such that:
(i) ' 1 ,: : : , ' N +1 are Σ-singular harmonic maps into a geodesic of j of H , and
6 C for all 1 6 j, j 0 6 N + 1, where p 0 is some fixed point of H .
(ii) e ' coincides with ' j in a neighborhood of Σ j .
(iii) e ' is nearly harmonic at infinity in that:
j( e ')j 6 c(1 + r Given singular Dirichlet data (' 1 , : : : , ' N +1 , e '), the Dirichlet problem consists of finding a harmonic map ': R 3 nΣ ! H which is asymptotic to ' j near Σ j for each 1 6 j 6 N + 1, and which is asymptotic to e ' at infinity. Consider now the Einstein/Abelian-Yang-Mills Equations with an Abelian gauge group T k :
Here g is a Lorentzian metric on a 4-dimensional manifold M, Ric g is the Ricci curvature of g, R g its scalar curvature, A is an R k -valued one-form on M, d is the exterior derivative, i X inner multiplication by the vector X, tr g is the trace with respect to the metric g, and the dot represents a Euclidean inner product on R k . We impose the condition that the solution is asymptotically flat, stationary and axially symmetric, globally hyperbolic, and that its domain of outer communications is simply connected. Furthermore, we will assume that (M, g) has an event horizon with N > 1 connected components, each of which is nondegenerate (see [We4] for the definitions).
Following step by step the reduction in [We4, section 2], one sees that the equations reduce to a harmonic map with prescribed singularities into H k+1 C . For this, one only needs to note that the one-forms = i F, and = i F are
Here is the generator of the axial symmetry normalized so that its orbits have parameter length 2. Thus the potentials , and , given by d = , and d = are also R k -valued. From here on, all the calculations go through, with all products between R k -valued objects being taken in the sense of the Euclidean inner product on R k . In particular, the twist of is given by ! = (d^), where is the Hodge star operator, and the twist potential v is defined by 2 dv = ! 2( d d). Define u = log jj on M 0 = fg(, ) > 0g, and let Q be the quotient of M 0 by its group R SO(2) of isometries. Then Q SO(2) is diffeomorphic to R 3 nΣ, where Σ = A n S N j=1 I j , I j are open intervals of the z-axis A R 3 , and N is the number of connected components of the event horizon. Let be another generator of the group of isometries, normalized so that jj 2 ! 1 at spacelike infinity in (M, g), and let be the area element of the orbit, i.e., 2 = j j 2 . Then ∆ = 0, hence is a harmonic coordinate on Q, and we can pick a conjugate harmonic coordinate z so that the metric of Q is conformal to d 2 + dz 2 . We now put on Q SO(2) = R 3 nΣ the flat metric Furthermore the axis regularity conditions imply that the map ' is asymptotic near each Σ j to a Σ-singular harmonic map ' j into a geodesic j of H k+1 C . Furthermore, the maps ' j satisfy (i) in Definition 4. To complete the construction of singular Dirichlet data for a harmonic map problem with prescribed singularities, we will now construct a map e ': R 3 nΣ ! H k+1 C which satisfies (ii) and (iii) in Definition 4. We note that essentially the same construction can be used to give maps from R n nΣ into quaternionic hyperbolic space, provided Σ is of codimension 2, and each component of Σ is contained within some cone with its vertex at the origin. 
where v j 2 R , and j , j 2 R k are constants, and u 0 is the potential of a uniform unit charge on Σ normalized so that u 0 ! log as r ! 1 in R 3 nΣ. Set e u = u 0 , and pick functions e v, e , e which depend only on the polar angle outside a sufficiently large ball, and which take on the appropriate constant values v j , j , j , near each Σ j . It is a simple calculation using (3) to check that the map e ' = (e u, e v, e , e ) satisfies (4). It follows that (' 1 , : : : , ' N +1 , e ') constitutes singular Dirichlet data for a harmonic map problem with prescribed singularities on R n nΣ into H k+1
We can now pose the following Reduced Problem for the stationary and axially symmetric Einstein/Abelian-Yang-Mills Equations. ') constitutes singular Dirichlet data. The Reduced Problem is then to find an axially symmetric harmonic map ': R 3 nΣ ! H k+1 C which is asymptotic to ' j near each Σ j , and which is asymptotic to e ' at infinity.
Remark. Equivalently, we need to find a map ' which is asymptotic to e ' near each Σ j , and at infinity. Let Σ 0 = Σ 1 [ Σ N+1 , and denote by e ' 0 : R 3 nΣ 0 ! H 2 C the harmonic map corresponding to the Kerr-Newman solution [C] . Note that e ' and e ' 0 are asymptotic at infinity. Thus, requiring that ' be asymptotic to e ' 0 at infinity, as was done in [We4] , is equivalent in this case to requiring it to be asymptotic to e '.
In the next section, we prove a theorem which implies that the Reduced Problem has a unique solution for each value of the (N + 1)(k + 1) parameters. We note that one of the constants v j and one of the constants j can be set to zero using an isometry of H k+1 C , so that we have left N(k + 1) parameters. These correspond to Nk charges and N angular momenta. The N distances and the N masses are fixed by the choice of the intervals I j .
There is a partial converse to Theorem 1. Let ' = (u, v, , ): R 3 nΣ ! H k+1 C be a solution of the Reduced Problem. Let (, , z) be cylindrical coordinates on R 3 . If ! = 2(dv +d + d), then it follows from the harmonic map equations that the two-form e 4u i ! is closed, and hence there is a function w such that dw = e 4u i !. Here is the Hodge star operator of the Euclidean metric on R 3 .
Similarly, one checks that there is a function such that
Also, there is an R k -valued function such that d = e 2u i d w d. As before, the forms d and d are closed thanks to the harmonic map equations.
We now define the metric g on M 0 = R (R 3 nA ) by:
and the R k -valued one-form A by:
We have:
C be a solution of the Reduced Problem, and define M, g, and A as above. Then (M, g, A) is a solution of the Einstein/Abelian-Yang-Mills Equations.
The intervals I j A correspond to an event horizon in (M, g). However, as we mentioned in the introduction, unless N = 1, it is expected that the metric g cannot be extended across all of Σ. The obstruction is a conical singularity on some bounded components of Σ. This singularity can be related to the force between the black holes (see [BW, We2] ). Nevertheless, (M, g) should be asymptotically flat, since a conical singularity cannot occur on the two unbounded components of Σ. To establish asymptotic flatness, the first step is a "regularity" result for ' across Σ as in [We1, LTi2] . This will be addressed in a future paper.
Results and proofs.
In this section, we prove the following theorem which is a generalization of the main theorem in [We4] . THEOREM 3. Let Σ be a closed smooth submanifold of R n of codimension at least two, let Σ j , 1 6 j 6 N + 1, denote its connected components, and let (' 1 , : : : , ' N +1 , e ') be singular Dirichlet data. Then, there is a unique harmonic map ': R n nΣ ! H which is asymptotic to ' j near each Σ j , and which is asymptotic to e ' at infinity.
As mentioned above, we may equivalently prove that there exists a unique harmonic map ' which is asymptotic to e ' near each Σ j , and at infinity. In view of Example 3, we obtain as an immediate corollary the existence and uniqueness of solutions to the Reduced Problem.
COROLLARY 1. The Reduced Problem for the stationary and axially symmetric Einstein/Abelian-Yang-Mills Equations has a unique solution.
Proof of Theorem 3. The existence proof is divided, as in [We4] , into three steps:
Step 1. For each sufficiently large ball B R R n , there exists a map b ' R : B R nΣ ! H such that b ' R is asymptotic to e ' near each Σ j , and such that b ' R = e ' on @B R .
Step 2. There is a constant C independent of R such that dist ( b ' R , e ') 6 C in B R nΣ.
Step 3. There is a sequence R i ! 1 for which b ' R i converge uniformly on compact subsets of R n nΣ to a harmonic map b ': R n nΣ ! H which is asymptotic to e ' near each Σ j , and at infinity.
Step 1. This follows from proposition 1 in [We4] . Although, we required there that e ' was harmonic, this was never used in the proof of proposition 1. We also required that dist ( e '(x), j ) ! 0 as x ! Σ j , but that is clearly satisfied here since e ' agrees with ' j near Σ j . In fact, the existence of b ' R is proved using a variational approach, and thus one also obtains in the course of the proof an energy estimate which is used in Step 3.
We may assume, without loss of generality, that all the geodesics j have a common initial point p = j ( 1) 2 @H . We use on H the coordinate system (u, v): H ! R R m 1 mentioned in Section 2, where u is the Busemann function associated with the point p:
(see [We3, lemma 6] 
and for C > 0, let H C (B R ) be the space of maps ' 2 H(B R ) for which dist (', e ') 6 C. Define the renormalized energy of ' = (u, v) 2 H C (B R ) by:
The solution is found by minimizing F R (') over ' 2 H(B R ). In fact, an almost standard direct variational argument shows that a minimizer of F R exists in H C (B R ) for any C > 0. The main difficulty is in proving that for some C = C R large enough, depending on R, the infimum of F R over H C (B R ) is the same as over H(B R 
Step 2. The main difference with [We4] lies in this step. We must now show that the solutions b ' R obtained in Step 1 belong to the space H C (B R ) with the constant C independent of R. For this purpose, we will need two simple lemmas. LEMMA 1. Let ' 1 , ' 2 : Ω ! H be smooth maps, and let = dist (' 1 , ' 2 ). Then, we have
Proof. Let G p (q) denote the gradient of the function q 7 ! dist ( p, q) on H evaluated at q 6 = p, and let H denote the Hessian of the function ( p, q) 7 ! dist ( p, q) on H H as a quadratic form on T(H H ) away from the diagonal f(p, p) 2 H H g. The proof of the lemma relies on the following identity:
which holds wherever 6 = 0. Equation 6 now follows from the fact that jG p (q)j = 1 for all q 6 = p, and the fact that H > 0, due to the negative curvature of H (see [SY, p. 368] 
Proof. Clearly, it suffices to prove the lemma with c = 1. Let be the solution of
Note that such a solution exists, is radially symmetric, negative, bounded, and satisfies
Now, we have ∆( + ) > 0 on B R nΣ, and + is bounded. Thus, we can show, using cut-off functions near Σ, as in [We4, lemma 7] , that + is weakly subharmonic on all of B R , with finite Dirichlet integral over any ball B R Thus, using the maximum principle, we obtain:
In view of (8), this implies (7).
Step 2 now follows easily, for if = dist ( b ' R , e '), and = p 1 + 2 1 then is bounded, and = 0 on @B R . Using (4), it follows from Lemma 1 that satisfies:
Thus, by Lemma 2, there is a constant C, independent of R, such that 6 C. In
Step 3, we will also use the more precise estimate (9).
Step 3. Again, the proof of this step is very similar to the one in [We4] , and we only give a sketch. By Steps 1 and 2, we have for each R large enough a harmonic map ' R (rb v R ) 6 ∆(b u R u 0 ). Therefore, we can find a sequence R i ! 1 such that b ' R i converges pointwise a.e. in B R . By a standard diagonal argument, we can assume that the same sequence works for all R 0 . It is not difficult to see that the pointwise limit ' is a harmonic map on R n nΣ. Indeed if Ω R n nΣ, then for i large enough, b ' R i j Ω is a family of smooth harmonic maps with uniformly bounded energy which maps into a fixed compact set of H . Standard harmonic map theory now implies uniform bounds in C 2, (Ω), hence some subsequence converges uniformly, by necessity to ', together with two derivatives. Thus, ' is harmonic. Clearly, dist (', e ') 6 C hence ' is asymptotic to e ' near each Σ j . It remains to see that ' is asymptotic to e ' at infinity. This follows from (9) applied to R = q 1 + dist ( b ' R , e ') 2 1.
In the limit we obtain = q 1 + dist (', e ') 2 1 6 c , which implies that dist (', e ') ! 0 as x ! 1 in R n nΣ.
The proof of the uniqueness statement is unchanged from [We4] .
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